
S T A B I L I T Y  A L L O W A N C E S  OF  E L A S T I C O V I S C O P L A S T I C  B O D I E S  

A.  N.  S p o r y k h i n  a n d  V.  G.  T r o f i m o v  UDC 539.374 

On the bas i s  of  t h r e e - d i m e n s i o n a l  l i nea r i zed  s tabi l i ty  equat ions ,  the s t ra in ing  p r o c e s s  of e l a s -  
t i cov i s cop l a s t i c  bodies  is  inves t iga ted  when they a r e  c o m p r e s s e d  along the x 3 axis  by f o r c e s  
of in tens i ty  p and along the x~ and x 2 axes  by f o r c e s  of in tens i ty  q. P r e c r i t i c a l  s t r a i n s  a r e  
smal l  and homogeneous .  Stabil i ty of  s labs  is inves t iga ted  as  an example .  A g raph ica l  depend-  
ence  of the c r i t i ca l  loads  on the p r o p e r t i e s  and g e o m e t r y  o f  the s labs  is  p resen ted .  

1. In [1, 2] the gene ra l  solut ions  of s ta t ic  and d y n a m i c  s tabi l i ty  equa t ions  [3, 4] a r e  p r e s e n t e d  fo r  
harden ing  e l a s t i c o v i s c o p l a s t i c  bodies  when they a re  c o m p r e s s e d  along the x 3 axis .  

The solut ions  p r e s e n t e d  he re ,  ana logous ly  to the r e s u l t s  obtained for  e l a s t i c o v i s c o e l a s t i c  and p las t ic  
bodies  [5, 6] in the case  of  smal l  homogeneous  p rec r i t i ca l  s t r a ins ,  allow us to inves t iga te  a b road  c l a s s  of 
s tabi l i ty  p rob lem s of e l a s t i c o v i s c o p l a s t i c  bodies .  

The s t r e s s - s t r a i n  state of  a t h r e e - d i m e n s i o n a l  body up to the lo s s  of s tabi l i ty  is  given by the r e l a -  
t ionships  

~ u  ~ = ~22 ~ - :  - q ,  ~ 3  ~ = - p ,  ,~d ~  ( i = / = / )  

2eupo = 2ega po = - -  eaa w = 2 (p  - -  q - -  k V-f-..5) / 3c ,  eij TM = 0 (~ # I') (1.1) 

The l inea r i zed  s tabi l i ty  equa t ions  [3, 4] a re  r e p r e s e n t e d  in the fo rm 

L i j u j  = 0 ff,/=1,2,3) (1.2) 

where  the d i f fe ren t ia l  o p e r a t o r s  have the form 

37 O~ 
Li~ = (;~ .a- p. + ajbl ) 0"- -+- 5i~ (p, - -  q) ~ + (~  - -  q) ~ %- 

, a 2 _ _  ps 2] -i- (P" - -  P) Oxa---i" (bt = sil ~ -- ceii TM, aj = 4p. 2 (bl d- b~ d- ba - -  

-- 3b j) [3k'- (21~ -4- c d'- s'q}] -1) 

F o r  a cy l indr ica l  body with a cu rv i l i nea r  contour  of the c r o s s  sec t ion the gene ra l  solut ion of s tabi l i ty  
equa t ions  has  the fo rm 

O o ~ O O ~ 
u,~ = ~ 'F1 ~F , u ,  = - -  - -  

On Ox3 ~ ~ 1  ~ 'T" 

~- 2p, T alb3 - -  q ( A  -~- P" - -  p 02 Psm \ 
us  ~, "i- P" + aab~ ~, -~- 2p. + axbx - -  q Oxa a - -  ~, "4- 2p, + alb, - -  q) ~F 

(1.3) 

t i e re  by n and ~" we have denoted r e s p e c t i v e l y  the n o r m a l  and the tangent  to the contour  of the c r o s s  
sect ion.  

The funct ions  ~' and q~l a re  d e t e r m i n e d  f rom the equa t ions  
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' o~ ) ( o, , o , \  
Ix-~ o~'- Ix--q 

[( Ix - -  p ~ ps'  ) ( h q_ k - -  2ix .-b a~ba - -  p O' ps' ) 
A -~ ;~ .q_ 2IX d-  aab~ - -  q Oxa s - -  k -i- 2IX -b  a~b~ - -  q IX - -  q Oxa a IX ~-- q - -  

(k -b  2IX -Jr- a~b~ - -  q) (Ix .-- q) 

In the  s t a t i c  f o r m u l a t i o n  (s = 0) the f u n c t i o n s  'I' i a r e  the s o l u t i o n s  of  the  e q u a t i o n s  

o2 

w h e r e  the  c o n s t a n t s  ~ h a v e  the  f o r m  

~ ,  , ~ - p  , [ - -  ] 
I x _ q ,  ~ , a = A 4 -  A ~ (~" + ~ + a ~ b ~ - p ) ( ~ - v )  v,  

= - -  (L~,  2 ~ + a ~ b ~ - - q ) ( i x - - q )  

t [L q-  2IX -b a ~ ,  - -  p , Ix - -  p (L -I-, IX -t- aab~) (k  -t- IX q- a~ba)] 

In the  c a s e  of  p l a n e  s t r a i n  (xlx3) the  s o l u t i o n  of  the  s y s t e m  of  e q u a t i o n s  (] .2)  c an  be  r e p r e s e n t e d  in 
the  fo rm 

(1.4) 

(1.5) 

U l  = L 3 3  t l r ,  U3 : - -  L~zT ~1.6) 

The  s o l u t i o n  of Eq .  (1 .4) ,  wh ich  i s  p e r i o d i c  wi th  r e s p e c t  to the  x.~ a x i s ,  i s  w r i t t e n  in  the  f o r m  

~g = ( C . d e  ~,~, + C.~2e -k,~, + C m 3 e  ~',~, + C . ? e  - ~ , )  sin (Vz3) 

F = D 2 - -  (Ix - -  p) (k -[- 2~ -b  a a b a -  p) T ~ - -  9s ~ ()~ d- 3It -b a.~b~ - -  2p) T" :- 9 '-'s~ 

(T = a m / l ;  
(IX - -  q) (~ -',- 2Ix + a~bi - -  q) 

m = 1 , 2 , 3  . . . . .  z~) 

(1.7) 

T h e  s o l u t i o n  (1.7) s a t i s f i e s  the  c o n d i t i o n s  of  p i n - j o i n t e d  s u p p o r t  at the e n d s  in  an  i n t e g r a l  s e n s e .  

2. We sha l l  i n v e s t i g a t e  the  s t a b i l i t y  of s t r a i n i n g  of a s l a b  of t h i c k n e s s  2h and l e n g t h  l .  I t  i s  a s s u m e d  
tha t  up to the  i n s t a n t  of the  l o s s  of s t a b i l i t y  the  s t r e s s - s t r a i n  s t a t e  of the  s l a b  i s  d e s c r i b e d  by  the  r e l a t i o n -  
s h i p s  (1.1) ,  wh i l e  at  the  i n s t a n t  o f  the  l o s s  of s t a b i l i t y ,  s t r a i n  o c c u r s  in  the  x l x  3 p l a n e .  

T h e  b o u n d a r y  c o n d i t i o n s  on  the  s ide  s u r f a c e  xl= =h  l ead  to the  r e l a t i o n s h i p s  

! 0e \ 0~F ~ 2  
_[_ 2 - -  B z ~ - -  s"Ba , 0 

, " / - ~ x 3  

B 1  = ~. ~- 2tt -}- a3b3 - -  p _ _  (~ ~- ix -]- alba) ( k  q-  a3bl) 
I x - -  q (It - -  q) (k  -{- 2ix q -  albi - -  r) ' 

IX (L + 2IX -~- a.~ba - -  p) 
B~ - (IX -- r) (~, -]- alb'a) --  IX (I t -- q) ' 

PIX 
Ba -- /Ix - -  r) (X -i- IX -~ albl) - -  IX (IX - -  q) 

Ix--q (2.1) 

In the e x p r e s s i o n s  (2.1) we m u s t  put  r =  q if the load q i s  a "dead"  load ;  we m u s t  put r = 0  if  the  load  
i s  a " fo l l owing"  load .  

F r o m  E q s .  (1.7) and (2.1) ,  wi th  the c o n d i t i o n  t ha t  n o n z e r o  s o l u t i o n s  e x i s t ,  we o b t a i n  the  t r a n s c e n d e n t a l  
e q u a t i o n s  for  the  d e t e r m i n a t i o n  of the  c r i t i c a l  l o a d s  

k~ (~.~"- - -  ].h.r ~ - -  s~-B31 (h..~ ,.. lh'r'~ 4- s2B4) _ th (l;.,h) cth ( k2h)  
k.-. (ka ~- - -  B17 2 - -  s~-Ba) (kz  2 "--- t h T  ~ . -  s~B4) t2 .2)  

k~ (k~'-' - B3"r2 - -  s"-B3) (k,~ - r  B2T" u. s2B.O 
k3 (k3 "~ - -  B ,7  2. .  s~B.~)(t..o."- -t- B~T-' -- .,'~-B4) : : t h ( / % h ) c t h ( k z h )  (2.3) 

The  r e l a t i o n s h i p s  (2.2) and (2.3) a r e  s t a b i l i  W c r i t e r i a  r e s p e c t i v e l y  w h e n  the  d i s p l a c e m e n t  u I i s  e v e n  
,and odd wi th  r e s p e c t  to x 1. 
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F o r  a th in  p la te  the  e x p a n s i o n  of the  t r i g o n o m e t r i c  m u l t i p l i e r s  in  a p o w e r  s e r i e s  and n e g l e c t i n g  the 
c o m p r e s s i b i l i t y  of the  m a t e r i a l ,  i n  the c a s e  of a fo l lowing  load  q, f r o m  (2.2) we ob t a in  the  a l g e b r a i c  e q u a -  

t ion  

[ 3 ( t - - q )  + ( 3 + 2 q )  a2lps  ~ - 712 {3 (t - q) (p + q) - 
- -  a213p - k  d - -  4 - -  q ( l  - -  p - -  q - -  d ) ]}  = O, 7 1 =  u / l ,  

a =71h ,  d = 6 / ( 2 + c + s T i )  

H e r e  a l l  q u a n t i t i e s  hav ing  the d i m e n s i o n s  of s t r e s s  a r e  r e f e r r e d  to the  quan t i ty  E~3. 

We r e w r i t e  (2.4) in the form 

das 3 + d2s 2 + d i s + d o  = 0  

d o = (2 + c )  d l /~l - l -6a271~(l  -~-q), dl =T1712[3p(1 + a 2 ) -  
- -  4 a  ~ -~ p q  (a 2 - -  3) - -  q (3q + q a  2 -~ ct2)], 

d 2 = p (2 "- C) [3 (1 --q) + (3 -~- 2q) al l ,  ds = ~ldz (2 + c)- '  

t2.4) 

(2.5) 

An a p p l i c a t i o n  of the Hurwi tz  c r i t e r i o n  [7] shows  tha t  i n s t a b i l i t y  a r i s e s  on ly  if  do= 0. I l e r e  the  c h a r a c -  
t e r i s t i c  index s p a s s e s  into the  r i g h t  h a l f - p l a n e  of the c o m p l e x  v a r i a b l e  v i a  s = 0. F o r  the  c r i t i c a l  load  p 
we have  

2u ~- + 2q [3q -" a ~ (q - -  2)1 -4- c {3q~ -4- a 'z (4 ~- q + q:)l 
P = 3 (2 + c) (t +- :t~) + q (=t': --  3) t2.6) 

In the  c a s e  of a dead  load  a s t a t i c  type  of  i n s t a b i l i t y  i s  p o s s i b l e  [41. F o r  a th in  p la te  f rom (2.2) we can 
o b t a i n  the  e x p r e s s i o n  of the  c r i t i c a l  f o r c e  p with a c c u r a c y  up to c /  

p = ~ ',.- ~ { ( t  - -  q) d - -  (2  - -  q)21 - c  ~ ( 2 q  - -  3 )  [ (1  - -  q) d - -  ( 2  - -  

- -  q)2l  - -  2/5 [ ( q  - -  1)  ( 2  - -  q - -  d )  - -  q l  [ ( l  . -  q)  d - -  (q  - -  2 )21}  
(2.7) 

We sha l l  i n v e s t i g a t e  the  e f fec t  of the  p r o p e r t i e s  of the  m a t e r i a l  and the  g e o m e t r i c a l  d i m e n s i o n s  o f  the 
s lab  on the m o d e  of buck l ing  and on the  m a g n i t u d e  of the c r i t i c a l  f o r ce .  We a s s u m e  tha t  only  a un i fo rm c o m -  
p r e s s i v e  f o r c e  p (q = 0) a c t s  on the  s l ab .  As  was  shown, two m o d e s  of buck l ing  a r e  p o s s i b l e :  l a t e r a l  (2.2) 
and b a r r e l - s h a p e d  (2.3). E q u a t i o n s  (2.2) and (2.3) in the s t a t i c  f o r m u l a t i o n  w e r e  so lved  n u m e r i c a l l y  on a 
BI~SM-4 c o m p u t e r  fo r  v a r i o u s  v a l u e s  of  the p a r a m e t e r s  u, e l ,  and 2h / l ;  u i s  P o i s s o n ' s  r a t i o ,  ci= c /E .  

g.$ 

05 

0.2 

7 
ChlZ 

! 2 

F i g .  ] 

5 

3 

:i 
J 
! 

2 

O.ROE ~- ~ _4-" 

o.oo~.oz :h lz  
�9 o.o6. oJ o.~ o.io 

Fig. 2 

5 6 0  



The dependence of the magni tude  of the c r i t i c a l  load p~= p/E on the mode of buckling and the p a r a m e -  
t e r s  indicated above is  p re sen ted  in F ig .  1. The solid l ines  co r respond  to the l a t e r a l  buckling, while the 
dashed l ines  co r r e spond  to the b a r r e l - s h a p e d  buckling.  The cu rves  with numbers  1, 2, 3 and4,  5, 6 c o r r e s -  
spond to the hardening  coeff ic ients  e 1 = 0.001 and 0.75. The curves  with numbers  1,4 c o r r e s p o n d  to v = 0.2; 
2.5 co r r e spond  to v = 0.3; 3,6 co r r e spond  to v = 0.5, c 1 = 0.0001 and 0.75. As is  seen f rom Fig .  1, in the 
case  of sma l l  p r e c r i t i c a l  s t r a i n s  no b a r r e l - s h a p e d  buckling,  in view of the l imi t  c r i t i c a l  loads ,  i s  obse rved .  
The l a t e r a l  buckling t akes  p lace  for  p la tes  with the r a t i o  2h/l  < 0.2 (Fig.  2). The solid l ines  co r re spond  to 
v = 0.5, the dashed l ines  co r r e spond  to v = 0.3, and the dash-dot ted  l ines  co r r e spond  to v = 0.2. F o r  2h/l > 
0.2 the s t rength  p r o p e r t i e s  of the s labs  a re  dec i s ive .  
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